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I. Introduction

SMART structures with integrateddistributedpiezoelectricsen-
sors and actuatorshave been extensivelystudied in recent years

for their potential versatile applications in many aspects, such as
aeronauticaland astronauticalengineering.The independentmodal
space control (IMSC),1 which cannot be realized perfectly with the
discrete sensors and actuators, can be implemented by the modal
sensors and modal actuators with little observation and control
spillover by using distributedpiezoelectricwafers.2¡7 However, the
modal actuators/sensors,2¡4 which are designedby shapingthe elec-
tric pattern of the piezoelectric layers, are dif� cult to apply to two-
dimensional structures, such as plates and shells, except some spe-
cial cases.Althoughthe distributedpiezoelectricsegmentmethod6;7

can be used for modal control of plates, it can lead to higher costs
to control multiple modes simultaneously at a satis� ed accuracy.
Recently, Tzou et al.8 gave generic ideas called “spatial thickness
shaping” and “spatial surface shaping” to design the modal sensor
for shell structures.However, all of their works are concentratedon
the spatial surface method without discussing the spatial thickness
shaping of the sensor layer.

In this Note, a new practical method is presented to design the
modal sensors/actuatorsby meansofmodulatingthe thicknessof the
piezoelectric wafers. The modal actuators/sensors are designed to
excite/sense the designatedone or more modes by shapingthe thick-
ness of one piezoelectric layer. A simple control scheme is given to
perform active control of the smart plates by a modal actuator and
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a modal sensor. The control energy can be made to be properly dis-
tributed on the dominant modes of the plate by the modal actuator
and modal sensor, and, therefore, more effective control results can
be achieved. Finally, two approaches are given for implementing
the modal sensor/actuator approximately.

II. Basic Equations for the Piezoelectric Smart Plates
Consider the transversevibrationof a thin plate, on both surfaces

of which two piezoelectric layers bonded as the distributed sensor
and actuator,as shown in Fig. 1. Assume that the piezoelectriclayers
are much thinner than the host plate and they are perfectly bonded
and that the bonding layers are so thin that their effects on the whole
plate can be neglected.

The charge output of the sensor layer can be derived as

q.t/ D ¡
Z Z

S

Fs.x; y/

³
@2w
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@2w
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´
dx dy (1)

where q.t/ is the charge output generated by the piezoelec-
tric sensor layer, w.x; y; t/ is the transverse displacement of
the smart plate, S is the area covered by the sensor layer, and
Fs.x; y/ D es

31.x; y/rs .x; y/ is the spatial distribution function of
the sensor layer in which es

31.x; y/ is the piezoelectric stress co-
ef� cient, rs.x; y/ stands for the z coordinate of the midplane of
the sensor layer from the neutral plane of the smart plate, that
is, rs.x; y/ D .z0 C z1/=2 and z0; z1; z2 , and z3 are z coordinates
as shown in Fig. 1.

The differential equation of motion of the smart plate can be
derived as

½h
@2w

@t 2
C r2.Dr2w/ D ¡r2[Fa.x; y/V .x; y; t/] (2)

where ½h is the equivalent mass density in unit area of the plate,
D.x; y/ is the equivalentbendingstiffnessof the plate, V is the con-
trol voltage, and Fa.x; y/ D ea

31.x; y/ra.x; y/ is the spatial distribu-
tion functionof the actuator layer. Again, ea

31.x; y/ is the piezoelec-
tric stress coef� cient, and ra.x; y/ D .z2 C z3/=2 is the z coordinate
of the midplane of the actuator layer.

III. Modal Actuator Design
Consider the case that the voltage applied on the actuator layer is

distributeduniformlyin space. In this case thecontrolvoltageis only
a time-dependentfunction,that is, V .x; y; t/ D V .t/. The transverse
displacement w.x; y; t/ can be expressed as a linear superposition
of the modes of the plate, that is,

w.x; y; t/ D
1X

i D 1

1X

j D 1

´i j .t/Wi j .x; y/ (3)

where ´i j .t/ and Wi j .x; y/ are the i j th modal coordinatesand modal
shape function. Substituting Eq. (3) into Eq. (2), we have

Ŕi j .t/ C !2
i j ´i j .t/ D ¡V .t/
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Fig. 1 Plate with piezoelectric sensor and actuator layer.
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If only several (K £ L) modes of the plate are expected to be
excitedby the actuator layer, the spatial distributionfunctionshould
be designed as

Fa.x; y/ D Aa D
KX

k D 1

LX

l D 1

Aa
kl r2Wkl .x; y/ C Ca (5)

where Aa
kl , Aa , andCa are constants.SubstitutingEq. (5) intoEq. (4),

we have
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i j V .t/; i · K ; j · L
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(6)

which shows that only the selected modes can be excited and other
modes are not affectedby the actuator layer with spatial distribution
function designed in Eq. (5). Therefore, the actuator layer with the
designated distribution function becomes a modal actuator.

A feasible method to realize the modal actuator is to modulate
the z coordinate of the midplane of the actuator layer by changing
its thickness and keeping the piezoelectric stress coef� cient as a
constant.In this case the z coordinateof the midplaneof the actuator
layer can be determined as
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where ea
31 is the piezoelectricstress constant.Noting that the relation

between the z coordinate of the midplane of the actuator layer and
its thickness is ra.x; y/ D [z2 C .z2 C ha/]=2, the thickness of the
modal actuator can be obtained from Eq. (7) as

ha.x; y/ D 2
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To ensure positive thickness of the actuator layer everywhere so
that its polarity does not need to be changed, the constants Aa and
Ca in Eq. (5) should be selected properly. In fact, Aa controls the
undulatedegreeof the actuator layer, and Ca is used to keepha.x; y/
positive everywhere.

IV. Modal Sensor Design
To design the modal sensor, employing Green’s formula for

Eq. (1) and noting Eq. (3), we have
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If the spatial distribution function of the sensor layer satis� es
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the following equations can be obtained:
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where I .t/ is the current output of the sensor, As and Cs are con-
stants. Equations (11) and (12) show that the sensor layer with the

distribution function satisfying Eq. (10) is only sensitive to the se-
lected modes, and, therefore, such a piezoelectric sensor layer be-
comes a modal sensor. After obtaining the spatial distributionof the
sensor layer from Eq. (10), its thicknessdistributionfunctioncan be
determined by following the similar procedurewith the actuator. In
fact, if the plate is clamped along its four sides the boundary con-
dition in Eq. (10) can be ignored. For a simply supported plate the
second boundary condition can be ignored too, and the � rst bound-
ary condition can be satis� ed by choosing Cs D 0. In this case, to
keep the thickness positive, the polarity direction of the parts with
negative thickness should be reversed.

V. Control Scheme
If N modal actuator/sensor pairs are designed, N modes can

be controlled independently. However, using one modal actuator/
sensor pair, we can control several modes simultaneously (not in-
dependently) without affecting the residual modes completely. To
control the modes ´i j .t/.i D 1; 2; : : : ; K , j D 1; 2; : : : ; L/, the con-
trol voltage applied on the actuator layer can be simply designed
as

V .t/ D ¡hI .t/ (13)

where h is the control gain. SubstitutingEq. (13) into Eq. (6) yields
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Inserting Eq. (12) into Eq. (14), the closed-loop equations of the
controlled N modes can be obtained as
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where Ci jkl D h Aa As Aa
i j As

kl !
2
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2
kl are the active damping ratios. If

the As
kl , Aa

kl , and h are selected properly so that all of the eigen-
values have negative parts, the closed-loop system is then stable.
Moreover, h should be also selected to guarantee that the actuator
is not depolarized by the control voltage particularly for the region
with thinner thickness.The multiple modal control just described is
not IMSC. However, all of the control energy is used to control the
desired modes without spilling over the residual modes.

VI. Approximate Implementation
of Modal Actuator/Sensor

To implement the modal actuator/sensor approximately in prac-
tice, a natural way is to replace the actuator layer with nonuniform
thickness by many small segments with uniform thickness.

One method is to determine thickness of each small segment
directly from the thickness distributionof the modal actuator given
in Eq. (5). If the actuator layer is divided into Na continuous small
pieces, the zone covered by the nth is denoted by Sn , and the total
area of this zone is denoted by An ; the thickness of the nth segment
is simply taken as its average thickness given by

han D 1
An

Z Z

Sn

ha.x; y/ dx dy; n D 1; 2; : : : ; Na (16)

Similarly, the modal sensor can also be implemented approx-
imately following the same procedure. When using the preceding
approximatemethod to design the modal actuatorand modal sensor,
the control spillover and observation spillover can occur.

Another method to determine the thickness of each actuator seg-
ment is based on solving a set of equations rather than the thick-
ness distribution of the modal actuator. Cut the piezoelectricactua-
tor layer into Ma £ Na small segments, and each actuator segment
Smn.m D 1; 2; : : : ; Ma I n D 1; 2; : : : ; Na/ has a uniform thickness
hamn . In this case the whole spatial distribution function can be
expressed as

Fa.x; y/ D
MaX
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31ramn[H .x ¡ xm ¡ 1/ ¡ H .x ¡ xm /]

£ [H .y ¡ yn ¡ 1/ ¡ H .y ¡ yn/] (17)



1678 AIAA JOURNAL, VOL. 40, NO. 8: TECHNICAL NOTES

where H .:/is the Heavside function. Substituting Eq. (17) into
Eq. (4) yields

Ŕi j .t/ C !2
i j ´i j .t/ D V .t/

MaX

m D 1

NaX

n D 1

®i jmnramn

i; j D 1; 2; : : : ; 1 (18)

where ®i jmn are coef� cients determined by the location of each seg-
ment and the modal function.Making truncationand only the lowest
Ma £ Na modes being reserved in Eq. (18), Eq. (18) becomes

f Ŕ.t/g C [Ä2]f´.t/g D [ OAa ]fragV .t/ (19)

where [Ä2] is a diagonalmatrix containingthe � rst Ma ¢ Na frequen-
cies of the smart plate, frag 2 RMa ¢ Na is a vector composed of the
z coordinates of the midplane of the actuator segments, and [ OAa ] is
a Ma Na £ Ma Na square matrix with the entries ®i jmn . If the lowest
Ma ¢ Na modal forces of the smart plate are designated as f fagV .t/
similar to Eq. (6), frag can be obtained by solving the algebraic
equations

a) Piezoelectric modal actuator

b) Piezoelectric modal sensor

Fig. 2 Thickness distributions of modal actuator/sensor for a simply
supported plate.

Fig. 3 Five controlled modes of the smart plate.

[ OAa]frag D f fag (20)

and therefore the thickness of each actuator segment can be easily
determined from frag. According to this method, the modal forces
for lowest Ma ¢ Na are exactly the ones we expected,and the control
spillover occurs only in the modes higher than Ma ¢ Na .

To realize the modal sensor approximately, cut the piezoelec-
tric actuator layer into Ms £ Ns small segments, and each actuator
segment Smn has a uniform thickness hsmn . In this case the sensor
equation (1) becomes

q.t/ D ¡es
31

MsX

m D 1

NsX

n D 1

rsmn
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i D 1
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´i j .t/
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(21)
Denoting

¯i jmn D ¡es
31

Z Z

Smn

r2Wi j .x; y/ dx dy

a) Central displacement

b) Control voltage

Fig. 4 Time history of the central displacement and control voltage.
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Eq. (21) can be rewritten as

q.t/ D
1X

i D 1

1X

j D 1

³
MsX

m D 1
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¯i jmnrsmn

´
´i j .t/ (22)

Designating the expected weighting coef� cient in Eq. (22) as pi j

for the lowest Ms ¢ Ns , the z coordinate of the midplane for each
sensor segment can be obtained by solving

MsX

m D 1

NsX

n D 1

¯i jmnrsmn D pi j

i D 1; 2; : : : ; Ms; j D 1; 2; : : : ; Ns (23)

If some modes in the lowest Ms ¢ Ns modes are not expected to be
sensed, the related weighting coef� cients are set to be 0. The charge
output of the modal sensor might contain the information of the
modes whose orders are higher than Ms ¢ Ns . However, these high-
frequency components in the sensed signal can be easily removed
by a low-pass � lter.

VII. Results
As an illustrative example, consider a 1 m £ 0.7 m £ 1 mm

simply supported rectangular plate onto which one piezo-
ceramic actuator layer and one piezoceramic sensor are
bonded. The actuator and the sensor layers are made of the
same lead zirconate titanate (PZT) material, and ea

31 D es
31 D

23:31 N/Vm. The Young’s modulus of the host plate is 210 GPa,
and its mass density is 8000 kg/m3 . The � rst � ve (11; 21; 12; 31; 22)
modes are selected to be controlled by using the modal sensor
and the modal actuator. For the modal actuator the constants in
Eq. (5) are taken as Aa

11 D 1:0, Aa
21 D 0:8, Aa

12 D 0:7, Aa
31 D 0:6,

Aa
22 D 0:5, Aa D 2:5 £ 10¡5, and Ca D 0:013, respectively.The max-

imum thickness of the modal actuator is less than 0.12 mm, as
shown in Fig. 2a. The modal sensor is designed with the pa-
rameters As

11 D 1:0, As
21 D 0:7, As

12 D 0:6, As
31 D 0:5, As

22 D 0:4,
As D 3 £ 10¡5, and Cs D 0 so that its maximum thickness is less
than 0.1 mm, as shown in Fig. 2b. The free vibration of the smart
plate is caused by the sudden removal of a force of 3.5 N acted on
the point (0.4, 0.3). Using the modal actuator and modal sensor and
taking the control gain h in Eq. (13) as 7 £ 105 , the modal control
is performed, and the � ve controlled modes are shown in Fig. 3.
The time history of the central displacementof the plate and control
voltage applied on the modal actuator during control are presented
in Figs. 4a and 4b, respectively.The results show that all of the target
modes of the smart plate have been effectively controlled.

When a pair of uniform actuator and sensor layer with the uni-
formly distributed control voltage are used to control the simply
supported rectangular plate, only the strict odd (for example, 11,
33, 55, etc.) modes can be controllable.9;10 Thus, modulating the
thicknessof the sensorand actuator layer can make the controlmore
effective and hence improve the controllabilityof the structures.

VIII. Conclusions
A new practical method to design the modal actuator/sensor is

given for modal control of smart plates by modulating the thickness
distributionof the piezoelectriclayer. If the stiffness and mass of the
piezoelectric layer are considered, the thickness distribution of the
modal actuator/sensor can be calculated by an iteration procedure
based on a � nite element model. In this way the present designing
method for modal actuator and modal sensor can be applied to both
one-dimensional and two-dimensional structures, such as beams,
plates, and shells.
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I. Introduction

I N practical situations, structural engineers sometimes face the
necessityof increasingthe stiffnessof alreadyexistingstructures

when applied load in actual use exceeds expected design values or
the safety standard is strengthened. One recently emerging tech-
nique is to bond compositematerial sheets externally to the existing
structures.1;2 This techniqueis now widely used in civil engineering
structures by making use of its low cost and ease of operation.The
authors found in their experiment that this technique is equally ap-
plicable to increase static stiffness and strengthof metal plates. This
reinforcement was effectively made possible to aluminum plates
by epoxy adhesive, and the beam under bending showed relatively
large deformation without visible debonding of the sheet.

The presentNote studies applicabilityof this technique to design-
ing the maximum natural frequency of metal (aluminum) plates.
Theoretically this problem is more complicated than the static opti-
mization, for example, minimizing static de� ection, where increase
in the bending stiffness is the only consideration. When dynamic
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